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a b s t r a c t

Schemes such as phase-modulated Lee–Goldburg (PMLG) for homonuclear dipolar decoupling have been
shown to yield high-resolution 1H spectra at high magic-angle spinning (MAS) frequencies of 50–70 kHz.
This is at variance to the commonly held notion that these methods require MAS frequencies not compa-
rable to the cycle frequencies of the pulse schemes. Here, a theoretical argument, based on bimodal Flo-
quet theory, is presented to explain this aspect together with conditions where PMLG type of schemes
may be successful at high MAS frequencies.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

High-resolution 1H NMR spectra of solids are best obtained
with a combination of magic-angle spinning (MAS) and homonu-
clear dipolar decoupling radiofrequency (RF) pulse schemes. A
variety of pulse schemes has been designed for this purpose [1–
3]. The initial schemes introduced for static samples were also
found suitable for application at what is considered today low
spinning frequencies. Sequences such as MREV8, BR24, BLEW12,
TREV8, CORY24, and MSHOT3 [4–14] are efficient when applied
at the quasi static limit when the RF cycle time, sc, is much short-
er than the sample spinning period, sr. The two averaging pro-
cesses can then be considered separately, ignoring interference
between them.

As higher MAS frequencies became possible, newer sequences
were required for homonuclear dipolar decoupling, prominent
among them being the PMLG scheme [15,16], which originated
from the FSLG scheme [17,18], and the DUMBO method [19]. These
two techniques have been used in the characterisation of various
organic and inorganic compounds [20]. Insertion of detection win-
dows between the repeating units of pulses allowed the acquisi-
tion of high-resolution one-dimensional 1H spectra [21,22]. Both
the techniques are applied non-synchronous with the rotor period,
a condition which is crucial for avoiding recoupling of the dipolar
interaction. This condition requires that nsc – ksr, with n and k
integers and 1 6 jnj 6 4. To avoid recoupling at MAS frequencies
ll rights reserved.
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up to 25 kHz, the RF cycle time was chosen as short as possible.
Specifically, this then required that 3sc < sr and 4sc – sr, as was
shown experimentally for both PMLG [16] and DUMBO [22]. This
requirement would lead to pulse durations of the order of 1–2 ls
for a typical experiment with wPMLG5 at RF amplitudes of the or-
der of 80–140 kHz.

In the last couple of years ultra-fast MAS probes have become
available making spinning frequencies up to 70 kHz possible [23].
Combining such spinning frequencies with the PMLG scheme and
maintaining sr/sc � 3.5 to avoid line-broadening resonances, ex-
tremely short pulses (less than 200 ns for wPMLG5 at 60 kHz
MAS) would be required leading to unrealistic RF amplitudes.
Therefore, it was expected that other conditions are needed for
applying PMLG type decoupling at these high spinning
frequencies.

Lately two other homonuclear dipolar decoupling experiments
have been suggested which are based on the symmetry principles
and applied synchronised with MAS: the R-symmetry based se-
quence composed of composite p pulses [24,25] and the smooth
amplitude modulation [26,27]. These schemes were applied at
MAS frequencies up to 30 kHz [25] and 65 kHz [26], respectively.
The potential application of the R-based sequence at MAS frequen-
cies of the order of 60 kHz with moderate RF amplitudes was
shown numerically [25].

Recently, we have shown that contrary to the expectations
based on our experience at moderate MAS frequencies, supercycled
wPMLG and wDUMBO can be applied successfully at 65 kHz spin-
ning speed [28]. It was surprising to observe that high resolution
can be achieved with RF cycle times comparable and longer than
that of the rotor period such that sr/sc < 1. The short wPMLG5 cycle

mailto:madhu@tifr.res.in
mailto:shimon.vega@weizmann.ac.il
http://www.sciencedirect.com/science/journal/10907807
http://www.elsevier.com/locate/jmr


M. Leskes et al. / Journal of Magnetic Resonance 199 (2009) 208–213 209
times (with pulse durations of the order of 700 ns and detection
windows of 3.2 ls), accompanied by a high RF amplitude (up to
250 kHz), lead to comparable and in some cases slightly better res-
olution than that obtained at lower MAS frequencies. Another
demonstration of the combination of DUMBO with very fast MAS
was provided very recently focusing on the high sensitivity gained
at such MAS frequencies [29].

Here we will provide a theoretical explanation for the high
resolution achieved under conditions of comparable RF and
MAS cycle times. We will show that at high MAS frequencies
the effect of the line broadening resonances becomes very nar-
row and localised, thus allowing the cycle time to be set very
close to their exact position. The effect of degeneracies due to
synchronisation between the MAS and RF periodicities will be
reviewed and line broadening factors will be derived based on
bimodal Floquet theory [30,31]. The extent of the deleterious ef-
fect of such degeneracies will be demonstrated by calculations
for the supercycled PMLG5 scheme and compared with numeri-
cal simulations.

2. Theory

A system of coupled protons subjected to MAS and to an RF
decoupling sequence can be described by the following bimodal
Floquet Hamiltonian in the RF interaction frame:

HF ¼
X
n;k

ðHCS
nk þ HD

nkÞ þxrN
r þxcNc ð1Þ

Hcs
nk ¼

X
a;m

Dxadð1Þm;kTð1Þm;aFr
0Fc

k ð2Þ

HD
nk ¼

X
a<b;m

xabGab
n dð2Þm;kTð2Þm;abFr

nFc
k ð3Þ

where xr = 2p/sr and xc = 2p/sc are the characteristic frequencies
of MAS and RF sequence, respectively. The interactions considered
here are the isotropic chemical shift (CS) of spin a with magnitude
Dxa and the homonuclear dipolar interactions with coupling fre-
quencies xab. The dðlÞm;k coefficients are the Fourier coefficients
describing the time dependence of the chemical shifts (l = 1) and
dipolar interactions (l = 2) in the RF interaction frame. They depend
on the sequence of pulses used for decoupling. The Gab

n coefficients
describe the geometrical dependence of the time dependent aniso-
tropic dipolar interaction due to MAS which are non-zero for n = ±1,
±2 [32]. The TðlÞm ’s are the irreducible tensor spin operators. The N
and F operators are the number and ladder operators, respectively
[33].

In order to evaluate the effect of MAS frequencies on the
dipolar interaction, we can derive an effective Hamiltonian using
the van Vleck transformation [34]. This transformation is defined
only when there are no zero-order degeneracies in the Floquet
Hamiltonian. Such degeneracies occur when the two periodicities
are chosen such that nxr + kxc = 0. For these values diagonal
block elements xrN

r + xcN
c in the Floquet Hamiltonian become

equal. If the degenerate diagonal block elements are connected
by off-diagonal elements of the form hn0k0 jHnkjn00k00i– 0 with
n = n0 � n00 and k = k0 � k00 the van Vleck transformation cannot
be applied and these off-diagonal elements significantly contrib-
ute to the effective Hamiltonian. Since the dipolar part of the
Hamiltonian has off-diagonal elements with jnj = 1,2 and k – 0,
these zero order degeneracies can cause severe dipolar line
broadening.

For characteristic frequencies, which do not lead to a zero-order
degeneracy, we can apply a van Vleck transformation and truncate
the small and non-significant terms obtained after the transforma-
tion. Leaving only the zero- and first-order terms leads to the fol-
lowing Hamiltonian
~HF ¼ ~HCSð0Þ
00 þ

X
n;k

~HCSð1Þ
0k þ ~HDð1Þ

nk

� �
þxrN

r þxcNc ð4Þ

~HCSð0Þ
00 ¼

X
a;m

Dxadð1Þm;0Tð1Þm;aFr
0Fc

0 ð5Þ

~HCSð1Þ
0k ¼ �1

2

X
k0 – 0;a;m;m0

Dx2
a

dð1Þm;k0d
ð1Þ
m0 ;k�k0

k0xc
Tð1Þm;a; T

ð1Þ
m0 ;a

h i
Fr

0Fc
k ð6Þ

~HDð1Þ
nk ¼ �1

2

X
m;m0 ;n0 ;a<b;b<c

xabxbcGab
n0 G

bc
n�n0D

n0 ;k
m;m0 Tð2Þm;ab; T

ð2Þ
m0 ;bc

h i
Fr

nFc
k ð7Þ

with

Dn0 ;k
m;m0 ¼

X
k0

dð2Þm;k0d
ð2Þ
m0 ;k�k0

xrðn0 þ k0wÞ
ð8Þ

and w = xc/xr. ~HCSð0Þ
00 and ~HCSð1Þ

0k are the zero-order (diagonal) and
first-order (diagonal and off diagonal) contributions to the chemi-
cal-shift interaction, respectively. The zero-order term defines the
scale factor of the chemical shift which is given by

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

m

dð1Þm;0

��� ���2
s

ð9Þ

~HDð1Þ
nk is the first-order (diagonal and off-diagonal) dipolar Hamilto-

nian which should be reduced as best as possible by the RF decou-
pling scheme for spectral line narrowing.

It is convenient to define the diagonal blocks of this Hamilto-
nian as

�HF ¼ ~HCSð0Þ
00 þ ~HCSð1Þ

00 þ ~HDð1Þ
00

� �
þxrN

r þxcNc ð10Þ

which can be derived by substituting n = k = 0 in Eq. (4). The
diagonal elements form the effective Hamiltonian
Heff ¼ h00 j ~HCSð0Þ

00 þ ~HCSð1Þ
00 þ ~HDð1Þ

00 j 00i. This effective Hamiltonian
can be used to evaluate the efficiency of the decoupling sequence
as long as we can ignore the off-diagonal block elements. The dipo-
lar interaction is reduced under the influence of the RF pulses and
MAS when the Dn0 ;0

m;m0� terms in Eq. (8) are minimised. However,
when nxr + kxc = 0, the off-diagonal blocks of the form
hn0k0 j ~HDð1Þ

nk j n00k00i – 0; with jnj = jn0 � n00j = 1,2,3,4 and jkj = jk0 � k00j
– 0, become important. Thus we have two types of degeneracy con-
ditions leading to line broadening: zero order, which are formed in
the original Floquet Hamiltonian, and first order which are expected
to have a less pronounced effect on the spectrum since their off-
diagonal blocks are smaller. The possible zero-order and first-order
recoupling conditions for different ratios of w = xc/xr with n = 1,2
and n = 3,4 and �15 6 k 6 �1 are plotted in Fig. 1. Each line in this
plot corresponds to one of the conditions with w = jn/kj. Only
degeneracies connected by non-zero off-diagonal blocks will lead
to deterioration in decoupling. The conditions are very dense in
the region of w 6 1.5 and are relatively sparse above that. Beyond
w = 2 only two isolated first-order conditions are formed. This
dense set of degeneracies for w 6 1.5 lead to the assumption that
PMLG based decoupling sequences are more suitable for application
at moderate MAS frequencies, where w ratios larger than three are
experimentally feasible [21]. The fact that degeneracies in the Ham-
iltonian have a deleterious effect over a certain width supports fur-
ther the practice of avoiding the application of decoupling schemes
with MAS frequencies close to the degeneracy condition.

To achieve spectral line narrowing the pulse sequences should
lead to both the minimisation of the dipolar D-coefficients defined
in Eq. (8) and the maximisation of the scaled chemical shift, given
by Eq. (9). Away from the degeneracy conditions it suffices to con-
sider the diagonal contributions of the Dn0 ;0

m;m0-coefficients. Combin-
ing these two requirements we can define a parameter which is
related to the efficiency of decoupling:
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Fig. 1. The positions of the possible zero- and first-order degeneracies (given by n/
k) as a function of w = xc/xr. The {n = 3,4;1 6 k 6 15} and the {n = 1,2;1 6 k 6 15}
conditions are plotted in the top and bottom row, respectively. The former can be
connected by a first-order off-diagonal element and the later by both zero- and
first-order ones. In the inset the region of 0.5 6 w 6 1.5 is plotted with black lines
corresponding to zero-order and the gray lines to first-order conditions.
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v2 ¼

P
n0 ;mPm0

j Dn0 ;0
m;m0 j

2

P
m00
j dð1Þm00 ;0j

2
ð11Þ

v is dependent on the Fourier coefficients of the decoupling se-
quence and therefore it will change according to the values of the
experimental parameters, such as the RF amplitude x1 and the
pulse duration sp. It is also sensitive to changes in w, through the
denominator of the D-coefficients. An increase in the value of the
D-coefficients is expected when w approaches the condition
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Fig. 2. The magnitude of the v parameter multiplied by 100 kHz2 as a function of the RF
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extent of decoupling. The first-order regions are plotted in black. The numbers in bold o
n + kw = 0. Obviously, close to and at these degeneracy conditions
v cannot be used to evaluate decoupling.

We can estimate the region where v is not valid by putting lim-
its on the magnitude of the off-diagonal block coefficients:

3� hn0k0jHjn00k00i
�� �� > ðn0 � n00Þxr þ ðk0 � k00Þxc

�� �� ð12Þ

Here H = HF for zero-order and H ¼ ~HF for first-order degeneracies.
In the first case, the connecting off-diagonal terms are proportional
to xabGab

n dð2Þm;k with all the m values possible. In the second case, the
connecting terms are proportional to the D-coefficients in Eq. (8)
with n,k – 0.

We will now focus on the supercycled PMLG5 [35,36] pulse se-
quence and concentrate on the region 0.5 < w < 1.5 where the zero-
and first-order degeneracy conditions are dense, as plotted in the
inset of Fig. 1. This region corresponds to xc values that are feasible
experimentally for fast MAS. The effect of MAS and RF frequencies
on the width of the degeneracy conditions will be examined.

3. Results and discussion

The efficiency of decoupling upon combining MAS and
PMLG5�xx

mm defined by the parameter v is plotted in Fig. 2. The con-
tours are result of calculations performed for four values of mc = xc/
2p: 20 kHz with sc = 50 ls and sp = 2.5 ls, 30 kHz with
sc = 33.33 ls and sp = 1.67 ls, 40 kHz with sc = 25 ls and
sp = 1.25 ls, and 50 kHz with sc = 20 ls and sp = 1 ls. For each mc

value, v was calculated as a function of the RF amplitude
(m1 = 60–280 kHz, showing only the relevant regions) and w by
varying the MAS frequency mr = xr/2p. The ratio of the characteris-
tic frequencies was chosen between 0.5 < w 6 2.2, with w – 1,2.
This corresponds to spinning frequencies mr in the range of 10–
100 kHz. The v values were multiplied by 100 kHz2 to present
the magnitude of the dipolar frequencies and the geometrical coef-
ficients. As a result the values plotted in the contours vary between
0 and 6 kHz. The lines added to the contours indicate the regions
where v is not a valid parameter for evaluating the decoupling effi-
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ciency. In these regions the off-diagonal blocks become significant
and their values pass the threshold defined in Eq. (12). For these
calculations we have used all values jnj = 1,2 and jkj 6 100 for the
zero-order off-diagonal elements (plotted in white) and jnj = 1 � 4
and jkj 6 50 for the first-order ones (plotted in black). In both cases
the threshold was checked for all combinations of n, k, and m.

The parameter v itself is sensitive only to the zero-order degen-
eracy conditions, when the denominator of the D-coefficients be-
comes zero. The width of the region where the zero-order
degeneracies influence the decoupling can thus also be obtained
from the magnitude of v. These zero-order degeneracy bands are
clearly observed in Fig. 2 for w = 1/2,2/3,1,2. The width of these re-
gions increases for increasing w. The width of the first-order
degeneracy regions cannot be directly obtained by evaluating v.
They are indicated by the black line bordered regions. Their width
is relatively narrow, as expected.

In Fig. 2, from a to d, the parameters defining the PMLG5�xx
mm

decoupling experiment, mc, mr, and m1, are all increased. Thus, it is
not surprising that overall there is an improvement in decoupling
and a decrease in v. These three experimental parameters have
practical limitations, which lead to the fact that fast MAS at 40–
65 kHz cannot be applied with 50 kHz < mc (for the super cycled
PMLG5 scheme with 20 pulses per cycle, placing limitation on
pulse lengths to be longer than 1 ls and RF amplitude to be lower
than 250 kHz). The limit on the ratio for this MAS range is therefore
w 6 1.25 and, as shown Fig. 1, in this region degeneracies are very
abundant. For low MAS frequencies higher w values can be reached
and are preferred for staying away from the degeneracy bands. The
width of these degeneracy bands is important when we are forced
to operate in their vicinities and this becomes crucial at high MAS
frequencies. Ignoring the overall increase in v with longer PMLG
pulse sequences, the width of the degeneracy bands decreases
for increasing mc, as is clearly observed around w = 1 going from
mc = 20 kHz (top left) to 50 kHz (bottom right). The narrowing of
the local effect of the degeneracy conditions in the range
w 6 1.25 required for the fast MAS experiments allows us to ac-
quire high-resolution spectra at these spinning frequencies. How-
ever, resolution expected in this regime is comparable to that at
moderate MAS frequencies operating at much higher values of w.

In order to verify the validity of v as a parameter to determining
the extent of decoupling, we performed numerical simulations
using the SPINEVOLUTION program [37]. These simulations were
performed for a system of three protons with coordinates repre-
senting a ðCÞHa—ðCÞHb;c

2 molecular fragment. The dipolar interac-
tion strengths for this system are 7.7, 4.2, and 23 kHz for the
spin pairs ab, ac, and bc, respectively. Spectra were calculated using
the PMLG5�xx

mm sequence with mc = 20–50 kHz as a function of w by
varying the MAS frequency. The RF amplitude was chosen accord-
ing to the Lee–Goldburg (LG) condition m1 ¼

ffiffiffiffiffiffiffiffi
2=3

p
=ð5spÞ; where sp

is the length of a single PMLG pulse. As discussed in Ref. [38] the LG
condition does not necessarily correspond to the optimum RF
amplitude for decoupling (combining PMLG pulses with MAS it
was shown that the deviations from the LG condition are signifi-
cant in particular when xc and xr are increased). In Fig. 3a, the full
width at half height of the simulated proton-a line is plotted for
four cycle frequencies (the values of the RF amplitudes are speci-
fied at the inset). In Fig. 3b, we have plotted the parameter v cal-
culated with the values used in our simulations. The result
corresponds to horizontal cuts through the contour plots in Fig. 2
at the specified m1 values. The open and filled circles were calcu-
lated for moderate MAS frequencies. Their sensitivity to the degen-
eracy conditions is relatively high, as reflected by the fwhh values
close to w = 1/2,2/3,1,2. An additional small broadening is ob-
served at w = 3/2, as expected from the first-order degeneracy con-
dition. In the fast MAS range simulations (half-filled circles) the
effect of the degeneracies on the fwhh is confined to about
w ± 0.1. The v parameter (Fig. 3b) shows the same general trend
as the fwhh obtained from simulations (Fig. 3a).

Finally, in order to show that the resolution achieved by com-
bining fast MAS with PMLG5�xx

mm at w < 1 is comparable to that ob-
tained with moderate MAS frequencies and higher w values, we
have performed a simulation on a five spins system (coordinates
and chemical shift as in Ref. [39]). The result is shown in Fig. 4
for mc � 50 kHz. The middle spectrum was simulated for mr = 20 kHz
and w = 2.5 and the best resolution was achieved with
m1 = 130 kHz. For the top spectrum with mr = 65 kHz and
w = 0.775 the best resolution was achieved for m1 = 250 kHz. These
simulations can be correlated to the v parameters by their values
plotted on the right of each spectrum where only the relevant re-
gion of the calculation is shown. The black point marks the param-
eters approximately corresponding to those used in the
simulations. The two spectra have similar resolution despite the
fact that the fast MAS simulation is done for a w value between
the two first-order degeneracies (w = 3/4,4/5) and close to a
zero-order one (w = 2/3). The necessary increase in the RF ampli-
tude agrees with the calculation of the v parameter in Fig. 2. The
same resolution cannot be achieved at 20 kHz MAS with
w = 0.775, as shown in the bottom spectrum calculated with
m1 = 75 kHz. Although the corresponding v parameter plotted on
the right was calculated for mc = 20 kHz (and not 16 kHz as in the
simulation) it does reflect the lower resolution achieved and the
width of the degeneracy conditions at this low MAS frequency.

4. Conclusions

We have shown that the acquisition of high-resolution proton
spectra by a combination of PMLG and fast MAS with compara-
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ble RF and MAS cycle times is possible due to the relatively nar-
row regimes around the degeneracy conditions defined by the
ratio between the characteristic frequencies. These conditions
are much broader at lower MAS frequencies and must be
avoided by setting the RF cycle time much shorter than the rotor
period. As there is no improvement in resolution when increas-
ing the MAS frequency and RF amplitudes, from the point of
view of proton resolution, intermediate MAS frequencies are still
preferable. However, when we are interested in correlating pro-
tons with nuclei possessing large chemical-shift anisotropies, fast
MAS frequencies are very beneficial without loosing proton
resolution.
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